Hardy's proof is considered the simplest proof of nonlocality. Here we introduce an equally simple proof that (i) has Hardy's as a particular case, (ii) shows that the probability of nonlocal events grows with the dimension of the local systems, and (iii) is always equivalent to the violation of a tight Bell inequality.
Hardy's proof is considered the simplest proof of nonlocality. Here we introduce an equally simple proof that (i) has Hardy's as a particular case, (ii) shows that the probability of nonlocal events grows with the dimension of the local systems, and (iii) is always equivalent to the violation of a tight Bell inequality. Introduction.-Nonlocality, namely, the impossibility of describing correlations in terms of local hidden variables [1] , is a fundamental property of nature. Hardy's proof [2, 3] , in any of its forms [4] [5] [6] [7] , provides a simple way to show that quantum correlations cannot be explained with local theories. Hardy's proof is usually considered "the simplest form of Bell's theorem" [8] .
On the other hand, if one wants to study nonlocality in a systematic way, one must define the local polytope [9] corresponding to any possible scenario (i.e., for any given number of parties, settings, and outcomes) and check whether quantum correlations violate the inequalities defining the facets of the corresponding local polytope. These inequalities are the so-called tight Bell inequalities. In this sense, Hardy's proof has another remarkable property: It is equivalent to a violation of a tight Bell inequality, the Clauser-Horne-ShimonyHolt (CHSH) inequality [10] . This was observed in [5] .
Hardy's proof requires two observers, each with two measurements, each with two possible outcomes. The proof has been extended to the case of more than two measurements [11, 12] , and more than two outcomes [13] [14] [15] . However, none of these extensions is equivalent to the violation of a tight Bell inequality.
The aim of this Letter is to show that, if we remove the requirement that the measurements have two outcomes, then Hardy's proof can be formulated in a much powerful way. The new formulation shows that the maximum probability of nonlocal events, which has a limit of 0.09 in Hardy's formulation and previously proposed extensions, actually grows with the number of possible outcomes, tending asymptotically to a limit that is more than four times higher than the original one. Moreover, for any given number of outcomes, the new formulation turns out to be equivalent to a violation of a tight Bell inequality, a feature that suggest that this formulation is more fundamental than any other one proposed previously. All this while preserving the simplicity of Hardy's original proof.
A new formulation of Hardy's paradox.-Let us consider two observers, Alice, who can measure either A 1 or A 2 on her subsystem, and Bob, who can measure B 1 or B 2 on his.
Suppose that each of these measurements has d outcomes that we will number as 0, 1, 2, . . . , d−1. Let us denote as P (A 2 < B 1 ) the joint conditional probability that the result of A 2 is strictly smaller than the result of B 1 , that is,
with m, n ∈ {0, 1,
Then, the proof follows from the fact that, according to quantum theory, there are two-qudit entangled states and local measurements satisfying, simultaneously, the following conditions:
Therefore, if events A 2 < B 1 , B 1 < A 1 , and A 1 < B 2 never happen, then, in any local theory, event A 2 < B 2 must never happen either. However, this is in contradiction with (2d). If d = 2, the proof is exactly Hardy's [2, 3] . Beyond Hardy's limit.-Let us define,
satisfying conditions (2a)-(2c). For d = 2,
and is achieved with two-qubit systems [2, 3] . In previous extensions of Hardy's paradox to two-qudit systems [13] [14] [15] , (4) is also the maximum probability of events that cannot be explained by local theories.
For example, the extension considered in Ref. [13] is based on the following four probabilities: [14] proves that, for two-qutrit systems, max P KC equals (4), and conjectures that max P KC is always (4) for arbitrary dimension. Ref. [15] provides a proof of this conjecture.
Interestingly, in the proof presented in the previous section, P Hardy equals Hardy's limit (4) for d = 2, but this is not longer true for higher dimensional systems.
To show this, we will consider pure states satisfying the three conditions (2a)-(2c). An arbitrary two-qudit pure state can be written as
where the basis states |i A , |j B ∈ {|0 , |1 , . . . , |d − 1 }, and h ij are coefficients satisfying the normalization condition ij |h ij | 2 = 1. The coefficients h ij completely determine the state |Ψ . We can associate any two-qudit state |Ψ with a coefficient-matrix H = (h ij ) d×d , where i, j = 0, 1, . . . , d − 1, and h ij is the i-th row and the j-column element of the d × d matrix H. The connection between the coefficient-matrix H and the two reduced density matrices of |Ψ Ψ| is
where T for matrix transpose and H † is the hermitian conjugate matrix of H. The probability P (A i = m, B j = n) can be calculated as
whereΠ m Ai andΠ n Bj are projectors, and ρ = |Ψ Ψ|. Explicitly, the projectors are given bŷ
where U 1 , V 1 , U 2 , and V 2 are, in general, SU (d) unitary matrices.
To calculate P opt Hardy , it is sufficient to choose the settings A 1 and B 1 as the standard bases, i.e., taking U 1 = V 1 = 1 1, where 1 1 is the identity matrix. Evidently, the condition (2b) leads to h ij = 0, for i > j. This implies that the matrix H is an upper-triangular matrix.
In Table I , we list the optimal values of P anti-diagonal line, that is, h ij = h d−1−j,d−1−i . We use this to calculate approximately the maximum probability for nonlocal events P app Hardy , by using a special class of states H app . The explicit form of states H app is given in the Appendix. This allows us to go beyond d = 7 and compute P In Table I , we also compare the P Hardy for the optimal states and the approximate optimal states. This allows us to speculate that the asymptotic limit may be a little higher than the one showed in Fig. 1 . However, the limit 1/2 can never be surpassed since P (A 2 > B 2 ) is always bigger than P (A 2 < B 2 ) as observed in the numerical computations. At this point, we do not know whether or not 1/2 may be the asymptotic limit.
Degree of entanglement.-Hardy's proof does not work for maximally entangled states. The same is true for the proof introduced here. However, in out proof, as d increases, the degree of entanglement tends to 1. To show this, we use the generalized concurrence or degree of entanglement [16] for two-qudit systems given by
In Table II , we have plotted C for the optimal Hardy's states and the approximate Hardy's states. From Table II , we observe that, for d = 2, the optimal Hardy's state occurs at C opt ≈ 0.763932, and this value increases to C opt ≈ 0.827702 when d = 5. For a fixed d, the corresponding C app is larger than that of C app , and it also increases with the dimension d. For d = 800, C app ≈ 0.998062, and tends to 1 as d grows.
Finally, we can prove that the proof cannot work for twoqudit maximally entangled states, Proof:
We will use
Taking into account that: (i) given a pure state H → |Ψ AB and a local action U acting on Alice (the first part) and V acting on Bob (the second part), then
(ii) Eq. (2b) requires H ′ to be an upper-triangular matrix, and
. Then, we have the solution
where D 1 = diag(e iχ0 , e iχ1 , . . . , e iχ d−1 ). Similarly, from (2a) and (2c), we have
where D 2 , D 3 are diagonal matrices similar to D 1 . From (14) and (15) we have
which directly leads to P (A 2 < B 2 ) = 0 for |Ψ MES . This ends the proof. Connection to tight Bell inequalities.-As it can be easily seen, for any d, our proof can be transformed into the following Bell inequality:
where LHV indicates that the bound is satisfied by local hidden variable theories. The interesting point is that, for any d, inequality (17) is equivalent to the Zohren and Gill's version [17] of the Collins-Gisin-Linden-Massar-Popescu inequalities (the plural because there is a different inequality for each d) [18] , which are tight Bell inequalities for any d [19] . This feature distinguishes our proof from any previously proposed nonlocality proof having Hardy's as a particular case.
Conclusions.-Hardy's proof is considered the simplest proof of nonlocality. Here we have introduced an equally simple proof that reveals much more about nonlocality in the case that the local systems are qudits. When d = 2, the proof is exactly Hardy's, but for d > 2 the probability of nonlocal events grows with d, so, for high d, this probability is more than four times larger than in Hardy's and in previous extensions to two-qudit systems. Interestingly, we have showed that, for any d, our proof is always equivalent to the violation of a tight Bell inequality. This suggests that ours is the most natural and powerful generalization of Hardy's paradox when higher-dimensional systems are considered. The form of H d for d = 2, . . . , 7 suggests to define the approximate optimal Hardy states as follows: 
